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AnHoTanusi. B pamkax oOrieil HecTalMOHapHOW MOCTAHOBKH PAaCCMOTPEHO JBIKCHUE BSI3KOM HECKH-
MaeMOW KHIKOCTH B OECKOHEYHOM TOPH30HTAIBLHOM CJIO€, OTPAaHUYCHHOM JIBYMS TIPOHHIIAEMBIMHU TIOCKO-
ctsiMu. [TpoHMIaeMocTs rpaHUIl 3a/laHa TOCTOSHHOM HOPMaJbHON KOMIIOHEHTOHM CKOPOCTH, HalpaBiICHHOI
BJIOJIb BEPTUKaIbHOI ocu. IIpuHATO Hamuuue MpogOIBHOTO rpajueHTa AasieHus. [lone ckopocTu ammpok-
CHUMHPOBAHO MOJMHOMOM BTOPOH CTENCHM MO MONEPEYHON KOOpIUHATE ¢ Kod((hUIIMeHTaMu, 3aBUCSIIIIMHU OT
BEPTUKAIBHOM KOOpAUHATHI U BpeMeHH. YpaBHeHHe HaBbe — CTOKCa CBEJIEHO K PEKYPPEHTHOM cUCcTeMe mapa-
OOTMUECKUX ypaBHEHUH JIst KOA(QQUIIMEHTOB MOIMHOMA. YpaBHEHNE SHEPIHU C JAUCCHIIATUBHBIM HAIPEBOM
MIPUBOANT K QHAJOTUYHOU cucteme sl KoaduieHToB temreparypsl. [logpodHo wccnenoBan crannoHap-
HBII ciydail. [locTpoeHo TOYHOE cTanmoHapHOE peIleHHE JUTs CiTydasl KBaJpaTHdIHOTO MPOQHIIS CKOPOCTH.
[Toy4eHs! aHaUTHYECKUE BBIPaYKSHUS ISt KO3(D(GHUIIMEHTOB CKOPOCTH U TEMIIEPaTyphl Yepe3 dJIeMEeHTapHbIC
(YHKIMHY, BKIFOYAIOIINE SKCTIOHEHTHI ¥ OIMHOMBIL. [IpoaHann3upoBaHo BIMSHHE TPOHNUIIAEMOCTH I'PaHUIl Ha
T10JI€ CKOPOCTH, TUCCUTIATHBHYIO (DYHKIHMIO U Temreparypy. [IponnuiiaeMocts 1000ro 3Haka (BIyB MM OTCOC)
CHIKAeT MAKCUMAJIBHBIN HArpeB *KUJIKOCTU MO CPABHEHUIO CO CIIy4aeM HENPOHUIAEMBIX CTEHOK U CMEIIaeT
MOJIOKEHUE TEIUIOBOrO MaKCUMyMa K COOTBETCTBYIOLIECH I'paHMIE: IPU BIYBE — K BEPXHEH CTEHKE, NPH OT-
coce — K HIKHel. MakcuMasbHble 3HAUCHHs TeMIEepaTypsl IPU BAYBE U OTCOCE MPAKTUUECKU OJUHAKOBBI, a
MOJIOKEHUSI MAKCUMYMOB 3€pKaJIbHO CUMMETPUUYHBI OTHOCUTEIBHO CepeAnHBI cios. lonyueHHoe pelieHue
PEryasipHO MEPEXOJUT B U3BECTHOE PEILICHUE AJIsl HEMIPOHUIAEMBIX TPaHHUI] IPU CTPEMIIEHUH CKOPOCTH TOIe-
PEYHOTO TOTOKA K HYJII0. AHAINTHYECKHUE BBIPKEHHUS IOMTYCKAIOT IPOCTOE MAacIITaOMPOBAHHUE M MOTYT OBITh
WCITONIb30BAHBI JUISI TAPaMETPUYECKOTO aHaAIN3a TEIUIOBBIX PEKMMOB B MUKPO(IIIOMIHBIX YCTPOMCTBAaxX U Te-
TUTOOOMEHHBIX anmaparax ¢ MPOHUIAEMBIMHU CTCHKAMH, a TakKe ISl BepU(UKAIUH YUCICHHBIX aJTOPUTMOB.

KiroueBbie cioBa: YpaBHCHUA Hasbe — CTOKC&, YpaBHCHUC SHCPIruu, AUCCUIIALINA, TOYHBIC PCILICHUS,
OTPOHUIACMBIC I'PAHUIBI, TPAAUCHT JaBJICHUS, TOJUHOMHAJIBHBIC PCIICHUS.

EXACT POLYNOMIAL SOLUTIONS FOR NONISOTHERMAL FLOWS
IN APERMEABLE LAYER WITH A PRESSURE GRADIENT

K.V. Gubareva!, E.Yu. Prosviryakov?>?3

Abstract. Within a general unsteady formulation, the motion of a viscous incompressible fluid in an infinite
horizontal layer bounded by two permeable planes is considered. The boundary permeability is described by
a constant normal velocity component directed along the vertical axis. The presence of a longitudinal pressure
gradient is assumed. The velocity field is approximated by a second-degree polynomial in the transverse
coordinate with coefficients depending on the vertical coordinate and time. The Navier-Stokes equation is
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reduced to a recurrent system of parabolic equations for the polynomial coefficients. The energy equation with
dissipation heating leads to a similar system for the temperature coefficients. In the present work the steady
case is studied in detail. An exact steady-state solution is constructed for the case of a quadratic velocity
profile. Analytical expressions for the velocity and temperature coefficients are obtained in terms of elementary
functions, including exponentials and polynomials. The influence of boundary permeability on the velocity
field, dissipation function, and temperature is analyzed. It is shown that permeability of any sign (injection
or suction) reduces the maximum heating of the fluid compared to the case of impermeable walls and shifts
the location of the thermal maximum toward the corresponding boundary: injection shifts it to the upper wall,
suction to the lower wall. It is found that the maximum temperatures for injection and suction are almost equal,
and the positions of the maxima are mirror-symmetric with respect to the midplane. The obtained solution
regularly reduces to the known solution for impermeable boundaries as the transverse flow velocity tends
to zero. The analytical expressions allow straightforward scaling and can be used for parametric analysis of
thermal regimes in microfluidic devices and heat exchangers with permeable walls, as well as for verification
of numerical algorithms.

Keywords: Navier-Stokes equations, energy equation, dissipation, exact solutions, permeable boundaries,
pressure gradient, polynomial solutions.
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